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Abstract 

For every infinite sequence of simple groups of Lie type of growing 
rank we exhibit connected Cayley graphs of degree at most 10 such that 
the isoperimetric number of these graphs converges to 0. This proves that 
these graphs do not form a family of expanders. 



1 Introduction 

Let G be a finite group and T a subset of G. The Cayley graph Cay{G,T) is 
defined by having vertex set G and g is adjacent to h if and only if g^^/i S T. 
A Cayley graph Cay{G,T) is undirected if and only if T = T^^, where T~-^ = 
{t-^ e G I t e T}. 

Let r be an arbitrary graph and S C ^(r). We define the boundary of S 
which we denote by dS to be the set of vertices in ^(r) \ S with at least one 
neighbour in S. For a graph T the isoperimetric number h(T) is defined by 



h{T) — min 



(\dS\ 
I 1^1 



5cF(r),o< |5| < ^^^^ 



A graph T is called an e-expander if h{T) > e and a series of /c-regular graphs 
r„ is called an expander family if there is a constant e > such that for every 
n the graph r„ is an e-expander. Finally, we say that a family of groups G„ is 
a family of uniformly expanding groups if there exist < e G M and fc G N such 
that for every i and every generating set Si C Gi of size at most k the Cayley 
graphs Cay{Gi, Si) are e-expanders. 

The study of series of Cayley graphs of finite simple groups has received 
great attention. The proof of the fact was completed by Kassabov, Lubotzky 
and Nikolov in [3] based on several earlier work (see [1] , [5] , [6] , [8] , [12] ) , that 
there exist fc 6 N and < e e R such that every non-abelian finite simple group 
which is not a Suzuki group has a set of generators S of size at most k for which 
Cay{G, S) is an e-expander. This work was extended by Breuillard, Green and 
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Tao in [T] to the Suzuki groups. These results can also motivate the question 
which was asked by Lubotzky in whether every family of Chevalley groups 
of bounded rank is a family of uniformly expanding group. 

Lubotzky also suggested to investigate families of simple groups of un- 
bounded rank in [TU] and wrote that it seems likely that if G„ is a sequence of 
non-abelian simple groups such that the rank of Gn is unbounded, then for every 
n there exists a generating set r„ C G„ such that the graphs Cay{GmTn) do 
not form a family of expanders. An explicit example (see [^) of a non-expander 
family of Cayley graphs of special linear groups was given by Luz. The diameter 
of the graphs given by Luz was investigated by Kassabov an Riley and it was 
proved in that there exists c G M such that the diameter of the graphs is 
smaller than c log{\SL{n,p)\). Similarly, the symmetric group Sn is generated 
by 7 = (12) and (t„ — {1,2, ... ,n) for every n G N and the sequence of isoperi- 
metric numbers h[Cay{Sml,<Jn)) tends to 0, see Moreover, one can find 
a set of generators of Sn such that the diameter of the corresponding Cayley 
graphs is f7(n^) which gives that these Cayley graphs do not form a family of 
expanders. 

We will investigate 7 series {Ai, Bi,Ci, Di, A\j^_i, A\^^, D\) of finite simple 
groups of Lie type. These are the groups of Lie type such that the rank of a 
sequence of groups tends to infinity if we fix a series of the Lie group. In order 
to define generators and subgroups of these groups we will use the generators 
given by Steinberg in |13j and we will use the notation and several results of the 
book of Carter [2] . 

For these 7 series of finite simple groups of Lie type we construct Cayley 
graphs and subsets such that the number of the neighbours of these subsets 
depends on the rank of the groups. Moreover, the isoperimetric number of 
these graphs tends to 0. This proves the conjecture of Lubotzky concerning the 
series of Cayley graphs of simple groups of unbounded rank. More precisely, we 
prove the following: 

Theorem 1. (a) Let G he a Chevalley group of rank I of type Ai, Bi, Ci 
or Di. For every I > 5 and for every finite field GF(q) there exists a 
generating set T of cardinality at most 10 and a subset of the vertices 
S C V{Cay{G,T)) with \S\ < -Ifi such that < j^. 

(h) Let G he a twisted group of type A\^_i, D\ or A\.^ . For every n > 5 and 
for every finite field GF{q) there exists a generating set T' of cardinality 



at most 8 and S' C V{Cay{G,T')) with \S'\ < such that < 
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|S'| — n-2- 

The paper is organized into the following 4 sections. In Section[2]we give all 
necessary definitions and we collect some important fact about the construction 
of simple groups of Lie type. The proof of Theorem[T](a)|is contained in Section 



[3] and Theorem [T] (b) which is the case of twisted groups will be handled in 
Sectional In Section [S]wc present the original construction in terms of matrices 
which was extended to several different series of simple groups. 
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2 Preliminaries 



In this section we collect important facts about about finite simple groups of 
Lie-type and we build up the notation we will use all along this paper. 

Let K = GF{q) be a finite field. We denote by $ the system of roots and 
$ = U $^ is the union of the positive and negative roots. We also choose 
n = {ri, r2, . . . , n} C which is the set of the fundamental roots. 

The Weyl group W is generated by the fundamental reflections Wr, where 
r G n. In order to simplify notation we denote by Wi the fundamental reflections 
Wn, where G 11. We denote by Xr{ip) the standard generators of the Chevalley 
group G, where r G $ and ^ G K. If r = ri for some G 11, then we denote 
by Xi{ip) the standard generator (ip)- These elements generate the Chevalley 
group G. The subgroups Xr = {xr{t) \ t e K} are called root subgroups of G 
if r e $. 

The Weyl group W is isomorphic to N/H for some H <J N < G. The cosets 
of in can be written as n„,i7 for all w ^ W and N is generated by H 
and the elements rir for r G $. Moreover, — Xr{l)x-r{—i)xr{l) is the 
element of the subgroup generated by the root subgroups Xr and X^r- It is 
well known that nrXs{t)n~^ — x^^(^s)iVr,st) for some ?7r,s £ K depending only 
on r and s, see [21 p. 101.]. The elements of the normal subgroup H of N can 
be written in the form h{x) where x is a if -character of Z,^. The subgroup 
H is generated by the elements of the set {hr{X) | r G $ and A G K*}, where 

2(a.r) 

the iiT-character corresponding to hr{X) is Xr,x with Xr-,A(a) = A ('■■'■) . H is a. 
normal subgroup of N and nwh{x)n~^ = h{x'), where x'(r') = x(w^^(?')) see 
[2 p. 102.]. Furthermore, hr{X) = n,.(A)nr(— 1) and hence hr{\) G 
see H p.96.]. 



3 Chevalley groups 

In this section we construct series of Cayley graphs for 4 different series of 
Chevalley groups. For these Chevalley groups we need 6 series of Cayley graphs. 
The six different constructions are similar but we will treat them separately. 
We first prove the following technical lemma. 

Lemma 1. Let w = wiW2 ■ ■ ■ wi be a Coxeter element of the Weyl group W and 
let us assume that the fundamental root ri is orthogonal to rj ifi + l<j<l 
and Tj+i is orthogonal to Vk iff<k<i~l. We also assume that ri and r^+i 
have the same length and Wi(ri+i) = rj + Ti+i. Then w{ri) = r^+i. 

Proof. Since is orthogonal to rj for every j > i + 1 we have that w(ri) = 
W1W2 ■ ■ ■WiWi-i-i{ri). The elements Wk are reflections through the hyperplane 
perpendicular to r^. Thus Wk{rk) — —ru for every 1 < k < I and Wij^i(ri) = 
Ti + r.j+i — Wi(ri+i) since and Tj+i have the same length. It follows that 
WiWi+i{ri) = Wi(ri -I- r^+i) = Wi{ri) + Wr,^^ = -r^ -|- (r^ -|- r^+i) = r^+i. Hence 
w{ri) = W1W2 ■ ■ . Wi_i(r'i+i) — r.i+i since r^+i is orthogonal to for 1 <k < 
i-l. ■ 
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3.1 Ai 

Let G be a Chevalley group of type Ai . The Dynkin diagram of the correspond- 
ing root system is the following. 

ri r2 r-s n_i n 



One can see from the Dynkin diagram that Wi{ri^i) = r.^ + r-i^i = Wi^i{ri) 
for J = 1, ...,/ — 1. 

Let w — W1W2 ■ ■ - wi be a Coxeter element of the Weyl group. We choose A 
to be a generator of the multiplicative group of GF{q). 

Lemma 2. a;i(l), n^, and (A) generate the Chevalley group G. 

Proof. It was proved in [13] that xi{l)nj^ and /in (A) generate G. Clearly, a;i(l) 
and generate xi{\)nw which proves the Lemma. I 

For every Z > 5 we define the following undirected Cayley graph: 

Ta = Gay{G, /i^ (A), hr^(\y^]). 

Let Ka be the subgroup of the Chevalley group G generated by the root 
subgroups , , X2, X^r2 , ■ ■ ■ , ^ri^i, X^n-i and let 

Every element of the Weyl group W acts on the the root system $. 
Lemma 3. The orbit of w which contains ri is the following: 

^r^^^U r2^iU rs^ ...^n-i^iU n ^iU-ri-...-ri^iU 



This can be formulated as follows: 

w{ri) = ri+i for I <i <l - \ 
w{ri) = -ri - . . . - ri 
w{-ri ~ r2 - ■ . ■ - ri) ^ ri 

Proof. Lemma [1] gives that w{ri) — ri+i for I < i < n — 1 and 

w{ri) = W1W2 . . . wi{ri) = W1W2 . . . wi-i{-ri) = -W1W2 • • . 

since w is a linear transformation of the vector space spanned by the roots. We 
also have Wj{rj^i + • ■ • + n) = + rj-^-i + • ■ • + r; for 1 < j < / — 1. Therefore 

W1W2 . . . wi^i{ri) = W1W2 . . . wi-2{n-i + n) 

= W1W2 . . . wi^3{ri^2 + n-i + ri) = ■ ■ ■ = ri + r2 + . . . + ri. 

This shows that 

■w{ri) = -{ri+ r2 + . . . + ri). (1) 
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Using again the linearity of w and equation ([T]) we get 

w(ri + 7-2 + . . . + n) ^ r2 + rs + . . . + n - (ri + r2 + ■ . ■ + ri) = -ri. 

This gives (ri + r2 + . . . + r;)) = ri, finishing the proof Lemma O I 

It fohows from Lemma |3] that if 1 < i < / — 1, then nl^Kan~^ contains 
nl^Xri_-n~^ = Xri- Therefore n\^Kan^^ ^ Ka which shows that ^ Ka for 
every 1 < i < / — 1. This impUes that Ka, Kafi^, . . . , Ka'n}^^ are different right 
cosets of Ka so Sa is the union of I pairwise disjoint subsets of the vertices of 
Ta and these subsets have the same cardinahty. 

Lemma 4. < f 

Proof. Sa is the union of I right cosets of Ka so \Sa\ = I \Ka\- It is clear from 
the definition of Sa that {Kan\^)nw C Sa for every Q < i < I — 2 and similarly 
{Kaui) C 5a if 1 < i < ? - 1. Therefore those neighbors of Sa which are 
not in Sa can only be obtained as an element of following subset of the vertices 

of r,: 

l-l l-l l-l 

Kanl[jKan-' \J {Kaul) XI (1) y (Kanl,) y (Kanl) hr{X) 

i—1 i—1 i=l 

l-l 

y {KaW')hriX)-\ 
i=l 

Ka is a subgroup of G so (Xan^) x — Kau]^ if and only if nl^xn~^ e Ka- 
We first apply this observation to a;i(l) and a;i(l)~^ = a;i(— 1). It is easy to 
see from Lemma |3] that n^,xi(±l)n~* is of the form x^i ^j,-^-^{a) = Xi^i{a) for 
some a E GF{q)* ii < i < I - 1. It follows that nj„xi(±l)n^* e -'^n+i C Ka 
Hi ^ l-l. 

Using the fact that hr{X) and hr{X)~^ are in the subgroup {Xr,X^r) we get 
that nl^hr^{X)^'^n-' e {X^^(ri),X_^^(r^)) = {Xn+i, X^r,+i) CI Ka ii i I - 1. 

Now, dSa C KanluKan~^UKan^~^xiil)UKan^-^xii-l)\JKan^-^hr.AX)LI 
Kaul^^hri {j). These subsets are all of them right cosets of Ka so they have 
the same cardinality which proves that \dSa\ < 6 \Ka\, while \Sa\ — I \Ka\. ■ 

Remark 1. In order to prove Theorem \l\(aj\ we repeat the previous construction 
several times. In every .single case the connection set of the Cayley graph will 
consist of few standard generators of the Chevalley group, an element of the 
form n^, where w = wiW2 . . . wi is a Coxeter element of the corresponding 
Weyl group and an element of the group H . If G is of rank I we will choose 
a subgroup of G which is isomorphic to a Chevalley group of rank I — 1 and 
which is of the same type. The subset of the vertices for which the isoperimetric 
number is sufficiently small will be the union of cosets of the subgroup of rank 
l-l. 
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3.2 Bi 

Let G be a Chevalley group of type Bi The Dynkin diagram of a Chevalley 
group of type Bi is the fohowing: 

ri r2 ra r(_i r/ 
0^= O O O O 



It is easy to see from the Dynkin diagram that Wi(r2) = r2 + 2ri and W2(ri) = 
n + r2. 

One can see using Lemma [1] that 

w{r.i) = wiW2 ■ ■ ■wi{ri) = ri+i for 2 < i < ^ - 1. (2) 

Tlie fundamental roots r3,...,r/ are orthogonal to ri. Therefore w(ri) = 
WiW2{ri) = Wi{ri + r2) = —ri + (r2 + 2ri) = ri + r2. We also have that 
w is linear so using equation ^ we have that if 2 < j < Z — 1, then 

w{ri+r2 + . ■■ + rj) = w{ri) + w{r2) + ■ ■ . + w{rj) = ri+r2+r3 + . . . + 7-^+1. (3) 

Using these observations we conclude that the following picture represents a 
part of the orbit of the action of the group generated by w including the root 

n- 

ri-5^ri+r2-^ri+r2+r3-^ .ri+r2 + ...+n 

This can be formulated as follows: 

it;'(ri) = ri + r2 + . . . + r^+i for i = 1, 1. (4) 

The orbit of (w) containing these elements contains w(ri + r2 + . . . + rj) as 
well. It is easy to see that Wi{ri^i + ri+2 + ■•• + ?'() = ri + ri+i + . . . + ri if 
2 < i < I — 1. We also have wi{r2) = 2ri + r2 hence 

w{ri) = wi. .. wi^iwiin) = -wi . . . wi-i{ri) 

= -wi . . . wi^2{n-i + n) = • ■ • = -wi(r2 + . . . + n) 

= -{ri + ... + r2 + 2ri). 

This implies using equation ([3]) that 

w{ri + . . . + r;) = w(ri + . . . + r;_i) + = -ri. (5) 

One can easily describe the remaining elements of the orbit since w is linear. 

We also investigate the action of {w) on 2ri + r2 + . . . + r; and r2 + . . . + r;. 
Using equation ([5]) and the linearity of w we get that u;(2ri + r2 + . . . + r;) = 
■u;(ri) + ^(ri + r2 + . . . + n) = ri + r2 — ri = r2. It follows using equation ([5]) 
that 

u;*(2ri + r2 + . . . + n) = r^+i for 1 < i < ? - 1. (6) 
One can also prove using equation Q and equation (jG]) that 

w*(r2 + . . . + n) = -2(ri + r2 + . . . + r,+i) + r,+i for 1 < i < ? - 1. (7) 
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3.2.1 Char{K) > 2 



Let us assume that char{K) > 2. 

Lemma 5. xi{l), Uw and ht{X), where t = 2ri + r2 + • • • + n generate the 
Chevalley group G of type Bi if the characteristic of the underlying field is not 
2. 

Proof. It was proved in [13] that xi{l)nw and ht{X) generate the Chevalley 
group G if char{K) ^2. ■ 
We define again a sequence of connected Cayley graphs. Let 

Vh ^ Cay (G, {xi{\), xi{-l), riw, n:^} ,ht{\),ht{\y^]) , 

where G is of rank I and w = wiW2 ■ ■ ■ wi. Similarly to the previous case let 

and let 

Lemma 6. ^ < ^ 

Proof. We claim that Sb is the union of pairwise disjoint right cosets of the 
same subgroup Kb in G. We only have to show that nj^ ^ Kb if 1 < i < I ~ 2. 
Straightforward calculation shows using equation ([2]) that nJ„Xr,_.rt~* = Xr, if 
l<i<l-2. Therefore X^, C ni^Kbn~' ^ Kb if 1 < i < I - 2 which gives that 
n]^ ^ Kb. Thus Sb is the union of / — 1 pairwise disjoint right cosets of Kb. 

Using the definition of the Cayley graph Tb we have that dSb is a subset of 
the following set: 

1-2 1-2 1-2 1-2 

\J{Kbnl)n^ [j{Kbnl)n-^ \J{Kbnl)x,{l)[j(Kbnl)x,{-l) 

i=0 i=0 i=0 i=0 

1-2 1-2 

\J{Kbii^M\){j{Kbn}Jht{\r\ 

i=0 i=0 

By the definition of Sb the subsets Kbril^n^ are contained in 5*;, if < i < ^ — 3 
and iffc<n-i C S";, if 1 < i < ; - 2. 

Using equation Q we have n^a;i(±l)n~* = Xn+ra+.-.+ri+i (0 for some t G 
K* . If < z < / — 2, then Xr^+r2+...+ri+i{t) e Kb since ri + r2 + . . . + r^+i 
is in the root system generated by the fundamental roots ri,r2, . . . and 
Kb is the Chevalley group of type -B/_i generated by the corresponding root 
subgroups. Therefore Kbn^^^xi{±l) — Kbn\^ C S'fc if < i < Z - 2. 

The elements ht{X) and ht{X)^^ = ht{j) are in the subgroup generated by 
Xt and X-f Equation © shows that = Xj„i(j) = X^^^^ and by 

the linearity of w we have n\^X-r'n~^ = X^n+i for i = 1,2, ... ,1 ~ 2. Thus 
nl^htiXjn:^'' and n'^ht{{)n~'' are in {X^^^, X^n+i) < Kb ii 1 < i < I - 2. 

It follows that dSb C KbU^;;^ U KbU-^ U Kbht{X) U Kbht{\) which gives 

IStI - (l-l)\Ki\ l-l- ■ 
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3.2.2 Char{K) = 2 

Lemma 7. a;_ri(l); md ht{X), where s = ^2 + ■ • ■ + r; generate the 

Chevalley group G of type Bi if char {K) = 2. 

Proof. It was proved in [T3] that Xs{^)x-ri{l)nw and ht{\) generate G \l K = 
GF{2^) with A; > 1 and XB{l)x-ri{l) and n^, generate G if \K\ =2. ■ 

Let 

T[ = Cay (G,{a;,(l),a;_,,(l),n±\/ii(A)±i}). 
The set S*;, can be considered as a subset of t^(r'f,) so we claim the foUowing. 

Lemma 8. < A 

Proof. It was proved in Lemma IH] that = {I — l)!^;,!. 

Similarly, the proof of Lemma [5] shows that K),n\^ht{X)^^ C S*;, if 1 < i < 
1 — 2. By the definition of Sh we have Kbn\^nw C 5b if < i < Z — 3 and 
K^nin-'^ ^ Sbiil<i<l-2. 

Using w{—ri) — — w(ri) and equation (jH) we get that (1)?^^* ^ 

if < i < Z — 2 since z«*(ri) = ri + 7'2 + • ■ • + ''i+i by equation (|4]). Hence 
Kbn\^x-rt{^) = lUn]^ C Sb- 

Equation ([7]) shows that n^a;s(l)7T.^' is in i^f, if 1 < i < 1 — 2. Therefore 
(u'^iKf,n^) C 56. Finally, we conclude that d{Sb) C Kbn:;^^ U -ftTfen^i U 

i^f,/it(A)Uifb/it(A)-iUi^faa;,(l). ■ 

3.3 Ci 

The Dynkin diagram is the following in this case: 
ri r2 rs r;_i n 

o o o — o = o 

It can easily be verified using the Dynkin diagram that wi^i^ri) = ri + 2r;_i 
and wi{ri_i) = r;_i + r;. 

Using Lemma[l]one can see that w{ri) — r^+i for i = 1, 2, . . . , Z — 2. We also 
have 

w(r/_i) = wiW2 . ■ . w/(r;_i) = WiW2 . ■ . wi^i{ri + r/_i) 
= WiW2 . ■ . wi-2{ri + n-i)- 

Since r/ is orthogonal to the remaining roots ri, r2, . . . , ri-2 we have 

w{ri^i) ^ri + wiW2 . ■ . wi-2{ri-i). 

Since Wi(ri^i + . . . + r(_i) = + r,:+i + . . . + r;_i for ?' = 1 . . J — 2 we also have 

WiW2 . ■ . W/-2(n-l) = WiW2 . . ■ l«;_3(r;_2 + n_i) = Ti + . . . + r/_2 + r;_i. 

This gives w(r;_i) = ri + r2 + . . . + r;. 
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Using all these observations we can determine a part of the orbit of (w) 
containing ri , which is the following; 

ri r2J^ ^ r,_i ^ , n + r,_i + n_2 + ■ ■ ■ + n _^ 

Lemma 9. xi{l), and /in (A) generate the Chevalley group G. 

Proof. The proof can be found in [T3] . ■ 
The construction is almost the same as in the case Ai. Let 

Tc = Cay (G, {a;i(l), a;i(-l), n^, /i^ (A), /i^i (A)"^}) . 

Let 

and let 

Lemma 10. < 

Proof. Similarly to the previous cases n~'^Kcn\^ contains n^'Xr^^i^Jy = X^^ for 
1 < i <l — 2 which gives that is not in Kc if 1 < « < / — 2. This proves that 
\SA^(l-l)\K,\. 

Again, Kcn\^nw C S'c if 1 < i </ — 3 and Kcn\^n^^ C S'c if « ^ 0. 

It is also easy to verify that n^xi(l)''=^n~* ~ for some t £ 

GF{q)*. Therefore n^a;i(l)='=^n;^* G -'^n+i and n^/in (A)^^n~* are in the sub- 
group generated by X^^^ and for i = 1, — 2. Thus the elements 
of the right cosets Kcnl^Xi{l)^^ and i^c^Jo^n (A)^^ are in 5c if 1 < i < / — 2. 
This proves that dSc C K^n''-^ U i^c"-;:;^ U KcXi{l) U ^^^2^1(1)"^ U K^hr^X) U 
KJir^ (A)~^, which is the union of 6 right cosets of Kc. Thus \dSc\ < Q\Kc\. ■ 

3.4 A 

The Dynkin diagram in this case is the following: 
ri 




n-i ri 

-o o 



Lemma 11. (a) Xj-^{1), n^,, and ft.,i(A) generate the Chevalley group G if the 
rank of C is odd. 

(h) a;ri(l), 2^3(1), and /iri(A) generate the Chevalley group G if 
the rank of G is even. 



Proof. The proof can be found in |13) . 
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First, we describe a part of the orbit of {w) which contains ri. The root ri 
is orthogonal to r4, . . . , r; hence w(ri) = wiW2W3{ri) so we have 

Wi'W2W3{ri) = wiW2{ri + r^) ^ wi(ri + r2 + r-n) = -ri + r2 + + ri = r2 + ra 

and similarly 

w{r2) = ■wiW2W3{r2) = wi'W2{r2 + r^) = Wi(-r2 + + r2) = rs + ri. 

Using Lemma[l]we get w{ri) = r^+i for i = 3, . . . , Z — 1. This gives that both 
w*(ri) and w'(r2) are of the form 

ri+2 + ri+i + . . . + + y, (8) 

where y = ri or y = r2- 

3.4.1 Odd case 

Let us assume that I is odd. 
Let 

Td = Cay (G, {a;ri(l),Xri(l)"\nu,,n^\/iri(A),/iri(A)"^}) . 

Let 

Kd — {Xri,X^ri,Xr2,X-r2, ■ ■ ■ , ^ , i ) 

and let 

Lemma 12. ^ < ^ 

Proof. It is easy to see that if < i < ^ — 3, then n^a;^ (l)"*^^""' = Xwi(^ri){t)'^^ G 
Kd for some t e GF{q)* since by ([5]) the root z/;*(ri) is a linear combination 
with integer coefficients of the fundamental roots ri,r2, . . . ^ri^i and similarly 
nj„/ir,(A)±in-* e iCd- It follows that dSd C i-TdnL"^ U i^d^--^ 

It remains to show that for 5^ is the union of / — 3 pairwise disjoint cosets of 
Kd- Again, nl^Kdn^'^ contains the subgroup = X^ if 1 < i < Z — 3 

which shows that nl^ ^ Kd- ■ 

3.4.2 Even case 

Let us assume that / is even. 
Let 

^'d = C*"?/ (G, {a;_ri(±l),a;_ri(±l),a;r3(±l),n„,,n^\/iri(A),/iri(A)"^}) . 
Let 

and let 

s'd - ^\ztKy^- 
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Lemma 13. 



\S',\ 




Proof. It is clear that ri) ~ — w*(ri) and hence ri) is in the root 
system generated by the roots ri, r2, . . . , if 1 < i < Z — 4. This shows that 
'nluX±ri{±l)n~^ = x^i(^±ri){t) G foi' some t e GF{q)*. 

It was proved in Lemma [12] that n^/i^i (A)'''^rt~* e if^ if < i < Z — 4. 
Finally, by Lemma [l]nj„a;r3(±l)n~* = Xr3_^.i{t) for some t e /-iT* which is in K'^ 
iiO<i<l-A. It follows that dS'^ C /sT^tT^ U iv:>-^ 

It remains to show that S'^ is the union of I — 3 pairwise disjoint cosets of 
K'^. This is clear since if 1 < i < Z — 4, then nl^K'^n^'^ contains the subgroup 
which shows that ^ K'^. ■ 

4 Twisted groups 

The twisted groups can be obtained as subgroups of Chevalley groups. In order 
to define twisted groups we need to find a non-trivial symmetry p of the Dynkin 
diagram. We restrict our attention to those twisted groups which are defined 
using a symmetry of order 2 and we also assume that the roots in $ have the 
same length. It is well known that such an symmetry p can be extended to a 
unique isometry r of which is the vector space spanned by We assume that 
Aut{GF{q)*) contains an element of order 2. Then the Chevalley group G has 
an automorphism of order 2, which we denote by a such that Xr{t)°' — Xr{k) 
for every r G ±11 and k ^ K, where k — T{k) and r = p{r). 

The subgroup is the set of elements u ^ U such that u" — u and similarly 
= {v € V \ v" = v} . The twisted group G^ is generated by and V^. The 
subgroups and are defined as the intersection of G^ with H and N, 
respectively. We denote by the elements w of the Weyl group W such that 
TWT~^ = w. There is a natural isomorphism of the group to N^/H^ and 
we denote by the element of A^^ < N which corresponds to € W^. 

The set of positive roots has a partition where the elements of the par- 
tition are of the following form: 



We denote by 11^ the collection of sets which are elements of the partition. For 
each set Z in the partition there is a unique element wz S which is generated 
by {wr \ r E Z} such that w{Z) = —Z. These elements are the following: 



Z 



Z 



Z 



|r I 7' G if r = r 

{r, r I r G "S+and r + r ^ $} 

|r, r, r + r I r G <f>^and r + r G $} . 



Wz = Wr if Z = |r I r G 

wz=WrWr if Z = {r, f | r G 'I'^aud r + f ^ $} 

Wz — Wr+- — WrWrWr if Z = {r, r . 7' + T | r G $^and r + r G . 
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Every element of 11-'^ can be obtained as 'w{Z), where w S and Z contains 
a fundamental root. Those sets which contain a fundamental root are called 
fundamental sets. Moreover, is generated by {wz \ Z 

For every Z E we denote by Xz the subgroup generated by the root 
subgroups Xr for r G Z and X\ ^ Xz n . 

4.1 AL-i 

The fundamental sets in this case are the following: 

Zn = {r„} , = {ri, r2„_i} for 1 < i < n - 1, 
and the corresponding elements of the Weyl group W"^ are: 

wz„ = Wm and wzi — WiW2n-i for 1 < i < ri — 1. 

We may assume (see [2] p. 233.]) that the subgroups defined above are of the 
following form : 

Xl = {xr{t)\t = t) ifZ-H 

Xl = {xr{t)x-(t) \ teK] if Z = {r,r}. 

Let n\j = n^in^i . . . and = hr^[t)hif^(t) , where t generates K* . In the 
following in order to simplify notation we write n^, instead of n^. 
We also define Xe = (l)a;r2„-i (1) which is an element of X^ and which can 
also be written as a;^! (l)^;^! (1)" = a;,-! (l)a;— (!)• 

Lemma 14. d /le generate the group G . 

Proof. The proof can be found in [13]. ■ 
Let 

Le = Cay (G, {xg, n^,, /le, /i^^ }) . 



Let 

and let 



Ke can be considered as a twisted group which is a subgroup of the Cheval- 
ley group generated by the root subgroups Xr2 , X-r2 j • ■ • : ^r2„-2 1 ^-i'2„-2 • The 
corresponding set of fundamental roots is p-invariant and we denote by $2n-3 
the root system generated by these roots. The restriction of p to the set 
{1^2, fa, - ■ ■ , f2n-2} gives a symmetry of the Dynkin diagram of these roots which 
extends to an isometry. This isometry is the restriction of t. This gives that 
for Z € 11^ the subgroup X^ is a subgroup of if and only if Z C $2n-3- 
Clearly, hrit) is in (X^,^!^) C GMf Z = {r} with r = r and if Z = {r,r}, 
then there is homomorphism of SL2{K) onto {X^, X^^) C G^ which shows 
that Xr{t)xr(t) G G^ and hr{t)hr(t) e G^ 
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Conjugating by S we get the following: 

- ^w-^iZ)- 

Lemma 15. < 

Proof. We claim that is the union of n — 1 disjoint subsets. K^n^^ — Kgui^ 
if and only if n{^^ G so we have to show that ^ ifg ifl<j<n — 2. 
We claim that w*(ri) = r,;+i if 1 < i < n — 2. If fc < n — 3, then 

w(rfe) = WlW2n-l • ■ • WfcW2n-fcWfc+l(r-fc) 

since rfc is orthogonal to if > fc + 2. Therefore 

w{rk) = u;iW2n-i ■ --Wkirk + Vk+i) 

= WiW2n-l ■ ■ ■ Wk-l{rk+l) = Tk+l 

since r^+i is orthogonal to the roots 7'2„-fc, . . . , r2n-i and r^+i is orthogonal 
to ri, . . . , rfc-i. It follows that w~^{Zi+i) = Z\ and hence by equation ([9]) 
C nu,~''Seni^ if 1 < i < n - 2. This proves that ^ ii'e if 1 < i < n - 2 
hence \Se\ = (n - 1) \Ke\. 

It is easy to see that Se contains Kefil^n^ if z = 0, 1, . . . , n — 3 and Se contains 
Keul^n-^ if i = 1,2, . . . ,n - 2. 

We use again the fact that Ken\^g = K^n\^ if and only if n\^gn~'^ G K^,. 
Since nJ^Xn (l)n~* = x^(^ri){^) for some \ ^ K and Xe = (1)" '^^ have 

=n^Xri{l)n^ [n^Xri{i-)n^ ) — x^i(^ri)^w^{ri){^) ~ (A) . 

This shows that n^Zgn^* e "'^Zi+i which proves that if i = 1, 2, . . . , n — 2, then 
nl^xf^n~^ e Ke and hence Keul^xf^ = Ken^^ since Z^+i C $2n-3- 

We also have n\^hr^{t)hj^(t)n~^ = hri^^{9)hyji(yr^-^(6') for some 6',0' G X. 

Using the fact that w G VK^ we have w'(fr) = w'(ri) so hrij^i{0)h^njr^-^{d') = 

hr,+Ae)hr-^{e'). Clearly, </ie«;;;* € Thus 61'=^ and nl,hf^n-' = 

±1 



( 



/ir.+i (6')/ip-^(6') j G ife since r^+i G $2«-3 if i = 1, . . . , n - 2. This proves 
that Keul^hf^ = Keul^ if ? = 1, . . . , n — 2 and hence dSe C Kefi^^^^ U Ken~^ U 
i^eS^e U isTgaJj^ U -ftTe^e U Kgh^^ , finishing the proof of Lemma [T5] ■ 

4.2 

The fundamental sets in this case are the following: 

Zi = {ri,r2}, ^ {ri+i}{oi 2 <i < n - 1, 
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and the corresponding elements of the Weyl group are: 

Wzi = WiW2, and wz^ — ifi+i for 2 < i < n — 1. 

Let Tiyj — n^in^i . . .n^i ^ and hf — hr^{t)hr^(t), where t generates K* . 

We also define (l)xr2(l) which can also written as (1)0;^ (1)" = 

a;ri(l)x— (!)• 

Lemma 16. Xf, n^, and hf generate the group . 

Proof. The proof can be found in [13]. ■ 
Let 

Tf = Cay {g, |a;/, n^, /i/, /ij^j^ . 

Let 

= {X\^, X^Zi^ X\^, X\z2T ■ • :-'^Z„_2'^-2„-2) 

and let 

We denote by $ri-i the root system generated by the fundamental roots 
ri,r2, . . . ,r„_i. 

Lemma 17. < 

\Sf\ — n-2 

Proof. The Coxeter element in this case is exactly the same as in subsection 
13.41 This gives that n^(r„_i) = r„ for < j < n — 3. The fundamen- 
tal sets Z^, . . . , Zn-i consist of only one element thus n\^Sfn~^ contains 
X^i^^ J = ^to»(r„_i) = = X\^_^ ifl<i<n — 3 since Sf contains 
This proves that if 1 < i < n — 3, then ^ Kf. Thus Sf is the union 
of n — 2 disjoint subsets of the same cardinality. Therefore 15/1 = (n — 2) \Kf\. 

Using the definiton of 5/ one can see that Kfn\^nw C 5/ if i = 0, 1, . . . , n — 4 
and Kfnl^n~^ C S*/ if i = 1, . . . , n — 3. 

The elements n\^Xfn~'^ are of the form Xr{t)x-{±t) for some r e $ and 
t 6 K* . In order to prove that these elements are vtv Kf for i = 0, 1, . . . , n — 3 
we only have to show that r G Using the fact that the Coxeter element in 

this case is the same as in Section [3^3] we have that both 'w'^{ri) and w'(r2) are 
of the form ri + + r4 + . . . + r^+i or r2 + ra + 7-4 + . . . + r^+i . These roots are 
clearly in the root system generated by the fundamental roots ri, r2, . . . , rj-i 
if I < n — 2. This proves that n\^x^n~^ is in Kf ifO<«<n — 3 and hence 
Sfx^ C Sf. 

Similarly, the elements n\^hfn~^ are of the form hr{t)hr{t) for some r G $ 
and t € K* and it is easy to see that r g $n-i if < « < n — 3. This proves 
that n\^h'^n~^ is in Kf ifO<i<n — 3 and hence Sfh^ C S*/. ■ 
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4.3 Al^ 

The fundamental sets are the following: 

Zi = {r„, r„+i, r„ + r„+i} , = {r„+i_i, r„+i} for 2 < i < n. 

Let = n^jin^i . . . n^ji and hg — hr^{t)hr;^{t), where t generates K*. 
We also define Xg = (l)a;r„+r„+i (fc) with fc + fc = 1. 

Lemma 18. Xg, n^^, and hg generate the group G^. 

Proof. The proof can be found in [T3] . ■ 
Let 

Tg = Cay (G,{xg,Xg^,n^,n~^,hg,hg^}) . 

Let 

Kg = {^ZiT^-ZiT^Z2^^~Z2' ■ ■ ■ '^z„-i7^-z„-i) 

and let 

Sg — U"^g KgU^^. 

Lemma 19. < ^ 

Proof. First, we show that Sg is the union of n — 1 disjoint subsets of the same 
cardinality. It is enough to show that ^ Kg for i = l,...,n — 2. This will 
be done by proving that is contained in n\^K gn~^ . Using equation (|9]) we 
only have to show that w^{Zn-i) — Zn for i — 1, ... n — 2. 

The fundamental root rk+i is contained in Zn-k- Let us assume that 1 < 
fc < n - 2. 

W(rk+l) = WnWn+lWnWn-lWn+2 ■ . . Wl W2n (^fe+l ) 

= WnWn+lW„Wn-lWn+2 ■ . ■ Wk+lW2n-kWk{r k+l) 

since rk+i is orthogonal to the roots rj if j > n or j < fc — 1. Clearly, 

■Wk+lW2n^kWk{rk+l) = Tk SO 

w{rk+\) = WnWn+lWn . . . Wk+2W2n-k-l{rk) = ffe 

since the remaining reflections fix r^. 

One can see by induction that w*(ri+i) = ri for i = 1, ... n — 2 and since w € 
we have w*(7viT) = w^^{ri+i) = r2n and hence w''{Zn-i) = Zn. This proves 
that for i = — 2 the subgroup nl^{Kg)n~^ contains . Therefore 

\Sg\ = {n-l)\Kg\. 

The definition of Sg shows that Kgn\^nw C Sgiii n—2 and Kgn\^n^^ C Sg 
if i 7^ 0. It remains to investigate the elements of the form n^x^n"* and 
n^hg . 
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We claim, that w*(r„) 



+ rn-i + 



Tn-i a i < n — 2. Using the 



orthogonahty of the fundamental vectors r-,-, r^, where \j — k\ > 2 we get the 
following: 



W(r„) = WnWn+lWnWn^iWn+2 ■ ■ ■ WlW2n{rn) 

= WnWn+lWnWn-l{rn) = W„W„+l(r„_i) = r„_i + 

Similarly, ifl < k < n — 2, then 

W(fn-fe) = WnWn+lW„Wn^lWn+2 . . . Wl W2n (r„-fc) 

= WnW„+lW„ . . . Wn-kWn+k+lWn-k-l{rn-k) 
= WnWn+lWn ■ ■ ■ W„_fc+1 (r„_fe_i ) = r„_fc_i. 

Since w is linear we get using ([TU]) and ([TT|) that 

= r„ + r„_i + . . . + r„„^. 



(10) 



(11) 



(12) 



By observing equations (IT^ one can see that if i = 0, . . . , n — 2, then both 
ri and r2„ are orthogonal to t«*(r„) and similarly ri and are orthogo- 
nal to i«*(r„_|-i) = w^(¥^) — u'*(r„) = Tn+i+\- This shows that for w' = 
■u;„u;„+iw„w„_iw„+2 ■ • -^2^211-1 we have w*(r„) = (w')*(r„) and w*(r„+i) = 
(w')n''n+i)- Therefore w'(r„-|-r„+i) = (w')*(r„ +r„+i). Moreover, n^^x^n^* = 
"i.'a^s'^;;;? and n^/ign"' = nj„,/ign;;;?. 

Clearly, n^/ G Kg and hence the elements n^^iX^n^, and nl^rh^nj: are in 
i^g if i = 0,l,...n-2. ■ 

In order to finish the proof of Theorem ([T]) we have to verify that the for 
those sets S for which boundary 9(5*) is relatively small we have 15*1 < The 
order of the investigated simple groups is the following: 



Bl{q) 
CM) 
Dl[q) 



n 

n:ii 
n:ii 



,=1 \q 

,2i 



(n+l,g-l) 

1 „- 

(2.9-1)9 



1) 
1) 



1 



T^^^q^Ylt, (q'^'-{-ir') 



(4,g" + l) 



It is easy to see that such a simple group can not have a subgroup of index at 
most 21 , finishing the proof of Theorem [TJ 



5 Identification 

In this section we give explicit generators of the Cayley graphs that we investi- 
gated in Section [3] and H] We also show how to find the subsets of the vertices 
5* for which dS is relatively small. We only handle the case of Special Linear 
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Groups which can easily be transformed to the case of the Projective Special 
Linear Groups which is clearly the easiest one. This example includes the orig- 
inal idea which was extended to several different series of simple groups. In 
order to show the simplicity of the original construction we forget about the 
machinery which was built up before. 



Let 



Ai 



/I 



v 

where Ai G GF(q)('+i)><('+i). Let 

/O 
1 
1 



Vo 



V 



B, 



-1)'\ 



/ 



We denote by C; the diagonal matrix diag{{,\ 1, 1, . . . , 1) £ G'F(g)('+i)^('+i), 
where A generates GF{q)* . 

We denote by e^j the matrix with 1 in the (i,j)-th position and zeros ev- 
erywhere else and let Tij{6) = I + where / denotes the identity matrix. 
Using this notation we can write Ai = Ti^2(l). 

The standard generator Xr^i^) of the Chevalley group given in Subsection 
13. II corresponds to the matrix Ai and the Coxeter element can be identified 
with Bi. Finally, Ci plays the role of hri{X). 

Clearly, T,,,(a)Ti,,(/3) = T,,,(a+/3) and [r,,,(a), T,, fe(/3)] = T,,fc(a/3) if i ^ fc, 
where [g, h] = g~^h~^gh denotes the commutator of g and h. 

Lemma 20. For every I £ N the set {Ai, Bi,Ci} forms a generating set of 
SL{l + l,q). 

Proof. We fix the size of the matrices and hence we can write A — Ai, B = Bi 
and C = Ci. Let H = {A,B,C). It is enough to verify that Ti^j{d) e H for 
every i ^ j and S G GF{q). 

It is easy to see that A^" = Ti,2(l)'^' = Ti^2{\^^)- Using Tl^2{^i)Tla{ri) = 
Ti,2{m) we get that Ti,2(^) G (A, C) < H for every 6 G GF(g).' For i'^ j we 
have B''T^^j{5)B-^ = T^+k,j+k (±(5), where the indices are taken modulo I + 1 
and hence Ti^i+i{S) G H for every 1 < i < I and for every 6 G GF{q). This 
implies that for every 1 < / < Z + 1 and for every 6 G GF{q) 

[. . . [[Ti.2(<5),r2,3(i)] ,T3,4(i)] . . . ,rfe_i,fe(i)] - ri,fc(5) g h. 

Using again the fact that B^Ti^i{5)B-^ = Ti+k,i+k{±5) we get that T,^j{5) G H 
for every i ^ j and for every 5 G GF{q). M 
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Let 



For every 1 < i < / we define 




e SL{1 + l,q) SL{1, q),Ee SL{1, q) 



SoB\ 



Finally, let 



5- y^,. 



i=0 



It is easy to see that \S\ < 



if / > 1. 



Lemma 21. < f 



Proof. Every element of S has exactly I columns with in the last row, exactly 
1 column with in the first / and 1 in the last row. The sets Si are pairwise 
disjoint since an invertible matrix can not have a column with only zero en- 
tries. Furthermore, they all have the same cardinality since 5*0 is a subgroup of 
SL{n, q) and Si are right cosets of Sq in SL{n, q). 



It is easy to see that SB\S C SqB^ = Si and SB-^ \ S C SqB-\ The 
remaining elements of dS are of the form MA, MC and MA^^, MC^^ where 



for some D £ GF{qy '--' and D' e GF{qy \ Multiplying a matrix M by ^ or 
A~^ from the right only modifies the second column of AI. Therefore ii M G Si 
with i ^ 1,1 ~ 1, then it is easy to see that MA, MA^^ S Si. 

Multiplying a matrix AI by C or from the right only modifies the first 
and the second columns of M thus if M € Si with i ^ 1,1 — 1, then M C^^ S Si. 



This gives that dS C SiUSoB-^USi-iAuSi-iA-^USi-iCUSi-iC~^ since 

s = ulz^s.. 

U 
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